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Abstract

The derivatives to any order of the Gaussian hypergeometric function
2Fy (a, b, c; z) with respect to the parameters a,b and ¢ are expressed in
terms of generalizations of multivariable Kampé de Fériet functions. Several
properties are presented. In an application to the two-body Coulomb scattering
problem, the usefulness of these derivatives is illustrated with the study of the
charge dependence of Pollaczek-/ike polynomials.

PACS numbers: 02.30.Gp, 02.30.Hq, 03.65.Nk

1. Introduction

The Gaussian hypergeometric function , F) (a, b, c; z) has been studied extensively from its
mathematical point of view [1]. This is probably, in part, due to its many applications on a large
variety of physical and mathematical problems. In quantum mechanics, the solution of the
Schrodinger equation for some systems is expressed in terms of , F| functions, as for example
when solving the Poschl-Teller, Wood-Saxon or Hulthén potentials [2]. Another very important
case is related to the angular momentum theory, since the eigenfunctions of the angular
momentum operators are written in terms of , | functions [3]. These eigenfunctions depend
parametrically on the angular momentum quantum number /, and its analytical extension to
the complex plane of / is often necessary [4-7]. Generally, the physical parameters (like [
or the magnitude of the mentioned potentials) appear in one or several of the mathematical
parameters a, b or c. The dependence on the physical parameters is therefore related to the
study of the solutions as a function of a, b or ¢, rather than z. One important tool is then
provided by the derivatives of the , F; function with respect to these parameters since they
allow us, for example, to write a Taylor expansion around given values ay, by or cy.
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While the nth derivative with respect to the variable z has been expressed in a compact
form [1, 3], the same cannot be stated for the derivatives with respect to the parameters a, b
or c. Expressions for the first derivative with respect to a parameter have been presented
but only for some special values of the parameters (see Brychkov‘s very recent handbook
[8] and references therein). The formulations are relatively complicated and cannot be easily
generalized to derivatives of higher order. The main aim of this paper is to obtain compact forms
for the derivatives with respect to the parameters for the Gaussian hypergeometric function
2F) (a, b, c; z) withany a, b, c, not only for the first but also for the nth derivative. The method
employed uses the second-order linear differential equation satisfied by the hypergeometric
function, and is similar to that presented in a recent publication [9] in which the derivatives
with respect to the parameters a and b of the confluent hypergeometric function ; F (a, b; z)
were investigated.

To illustrate the usefulness of the mathematical formulation in a physical situation, we have
considered the two-body Coulomb scattering wavefunction in spherical coordinates. A charge
Sturmian L representation leads to a family of Pollaczek-like orthogonal polynomials directly
related to Gaussian hypergeometric functions [10-12]. For this application, the physical
variable is the charge and appears in the first parameter of , . The explicit expression of
these polynomials, as well as many of their properties, require the derivatives of a , F} function
with respect to the first parameter.

2. nth derivatives of the ; F1 hypergeometric functions with respect to the parameters

Consider the Gaussian hypergeometric function

L (@), (b),, 2"
F = 2F1 (ll,b, C, Z) = e— (1)
2 "0,

where the Pochhammer symbol (y), = I'(y + n)/T'(y) is defined in terms of the Gamma
function [1]. In what follows, we shall use the following notation for the nth derivatives with
respect to the parameters a, b or c:

w_SE - gw F (2a)
@ 7 dan’ b g
w _ d'F

H™ = R (2b)

As a and b play a similar role, we shall study only the nth derivatives with respect to a and ¢
(those with respect to b may then be obtained by interchanging a and b).

Let us start with the first derivatives. Using the derivative of the Pochhammer symbol [3],
e = (1), [¥(y +n) — W(y)], we find for GV

(o]

b n
G =3 et ) - Wil 3)
n=0 n :

We have therefore an infinite series containing the Digamma function ¥ (z) [3]. An alternative
formulation is obtained by using the recurrence formula (6.3.6) of [3]

° n+l n
(1) __ (a)n+1 (b)n+1 Z + 1 A
Gs _; (s (n+1)!§s+a' 4)

Similar equations can be derived for HV.
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It is clear that the generalization to the nth derivative, in either formulation, is particularly
cumbersome. To circumvent this difficulty we may consider the approach followed in [9],
which uses

1 L (@)
(s+a) @ (a+1)

(&)

and the rearrangement series technique (see, for example, chapter 2 of [13])

ZZB(k,n) =ZZB(k,n+k). (6)

n=0 k=0 n=0 k=0

With simple algebraic manipulations one finds, for example in the case of GV,

a _ E@ 2 (D) (@), (a+1),,,(b+1),. ﬁ
Ga - a ¢ ZO ZO (2)n+s (Cl + 1)5 (C + 1)n+s sin! . (7)

This double series can be related to the following hypergeometric function in two variables:
Dy (@1, a2| b1, ba, b3
2@(1 ) ( ; X1, X2

cildi, dy
_ i i (al)ml (a2)m2 (bl)ml (bZ)m1+mz (b3)m1+m2 x{nlxgnz (8)
(Cl)ml (dl)m1+mz (dZ)m1+mz mj 'I’)’lz' ’

my1=0m,=0

which, as we shall see, is a Kampé de Fériet-like function [14]. In terms of 2@21) , the first
derivatives read

d> F) zab I,1la,a+1,b+1
) _ —— (ON ’ ’ .
G\ = o —ac ® ( a+12.c41 |07 9a)
d> F) zab n(l,1llc,a+1,b+1
g — =_>2Z W ; :
¢ dc cc 2®1 c+1]|2,c+1 B2 ©F)

The expression for G,(Jl) is obtained directly by interchanging a with b in (9a).

The generalization to the nth derivatives can be obtained in a similar way, but we found
that it is more convenient, as shown below, to use the second-order linear differential equation
satisfied by the hypergeometric function, i.e.,

d? d
z0l—2)—+(c—(a+b+1)z)— —ab| F =0, (10)

dz2 dz
where F = ,F|(a, b, c; z) is an analytical function of z € C — {0, 1, 0o}, and a, b, ¢ can

be real or complex parameters. Since F is an analytical function of the variable z and of the
parameters a, b, ¢, we may take the derivative of (10) with respect to the parameters

d? d dF
z(1—z)—+(c—(a+b+1)z) — —ab |G =z7— +bF (11a)
dz2 dz dz
(1 )d2 +(c—(a+b+1)2) d b|HDY = dF (11b)
z z a2 c—(a 2z & a C T TR

Using the derivative with respect to z, % = ”C—_b 2F 1 (a+1, b+1, c+1; z), and several contiguous

relations for F, it can be easily shown that
drF

z— +bF =b 2F|(a,b+1,¢;72)
dz
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so that the right-hand sides of the differential equations (11a) and ( 11b) are power series of
z. We may therefore use the solution of the following non-homogeneous differential equation
(equation (6.184) of Babister [15])

d? d
z1—2)—=+(c—(a+b+1)z) — —ab|y=27™ (12)
dz2 dz
given by equation (6.185) [15]
my+1
Y =0 = < sFo(IL,my+a+1,m+b+1;m +2,m +c+1;2)

(my+1)(my+c¢) -~

Wy ©Owy
© @, (e Dy, (O

where the series converges for |z| < 1, and for |z| = 1 as long as Re(c — a — b) > 0. Since

the differential equations (11a) and (11b) are linear, the solutions for Ggl) and HC(” can be
easily found. For example, for G, we have

sFo(l,my+a+1l,m+b+1;m+2,m+c+1;z), (13)

G(l) —b i (a)ml (b+ 1)m] 9m|+1

|
=0 (C)ml my.

=0 (C+ l)ml (Z)ml ml!

X sFh (A, m+a+1,m+b+1;m+2,m+c+1;z2). (14)

b & @y (b H D), (D), 2
_ ZZ,,,Z

Replacing 3 F; by its power series definition we find

G(l) — éZ i (a)ml (b+ 1)m1 (l)ml z™
a c (c+ 1)m1 (2,)ml m!
y i (D, @+ 14my),, (b+1+my),, 7™ s
0 Q2 +my),, (c+1+my),, my!’
mo=

Using the identity (¥),,., = (¥),, (¥ +m),, and simplifying, we find for GV the result given
by equation (7). The procedure is similar for H{", resulting finally in the compact form given
by (9b).

Let us now turn to the derivatives of order n, starting from the second derivative.
Differentiating equations (11a) and (115) with respect to a or c, respectively, we find the
following differential equations for G and H'*:

d? d dGg(»
(l-2)—=+(—(a+b+1)z) — —ab|GP =2(z—% +bG"
dz? dz d

v4
=2bGV(a,b+1,c¢;72), (16a)
d2 d dH®
(1—2)—+(c—(a+b+1)z) — —ab|H® = 22—, (16b)
dz? dz dz

The generalization to order n is straightforward

d? d dG=b
z(1-2)—+(c—(a+b+1)z) — —ab|G? =n|z—2—+bG"
dz? dz dz

=nbG" V(a,b+1,c;2), (17a)
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d? d dH®=D
[ (1 —z) +(c—(a+b+1)z)— ab:| H5">=—né—. (17b)
Z

Since the right-hand sides of these differential equations are again power series in z, we may
proceed as done for the first derivatives. For example, for G»' we find

(b)z ( )m (a + l)m +m (CZ + 2)m +mo+m
(2) 2 1 1 1 1 1+my 1+ma+m3
Gl = o Z Z Z Dy Dy (D @D,

m;=0 m,=0 m3=0

+may+
b+ 2)m]+m2+zm Zmrmarms

(a + 2)m1+m2 (3)m1+ma+m3 (c+ 2)ml+ma+m3 mi 'm2'm3'

(18)

Similarly to the case of the first derivatives, it is convenient to introduce a hypergeometric in
n + 1 variables
;xla L 7-xl‘l+1)

SRS b1, (b (b
= Z .. Z (al)ml (aZ)mz A (a"‘*l)m,,“ ( l)ml ( 2)m1+mz ( +1)m1+m2+ T

(Cl)ml (C2)m1+mz T (Cn)m|+m2+---+m,,

oM ai, ay, ..., an1| b1, b2, ... by
PASS!
Cly...,cpldl, do

my=0 My =0
my _my My
(bn+2)m|+mg+---+m,,+| Xy Xy xn-:;
' T (19)
(dl)ml+m2+---+m,,+l (dZ)m1+m2+-~+m,,+1 mylmyle - my!

In terms of these new functions the nth derivatives read

b), ., o (1,1, ..., 1la,a+1,...,a+n,b+n
G((ln) E; 265)( a+1 | ,a+n|ln+1l,c+n ;Z“”’Z> (200)
n!ab 1,1,...,1|c,c,...,c,a+1,b+1
H(n) ln—— (n) s by ) ) s &y s . ) 200
=D c 20 c+1,...,c+1|2,c+1 R (206)
@

3. Properties of the function ,©;

3.1. Connection with multivariable hypergeometric functions

The function 2@51), defined by equation (19), results from the application of the rule used by
Appell and Kampé de Fériet [14] to the product of the generalized confluent hypergeometric
functions 4 F3 and 3 F>

)

ai, as, as, as by, by, b3
F 1 X1) X 3F
4 3( 1> 3 2< di.dy

Cl 9 CZ, C3
= i i (al)ml (az)ml (a3)m1 (a4)m1 (bl)mz (bz)mz (b,;)mz ml ;nz

(Cl)ml (CZ)m1 (C3)m1 (dl)mz (dZ)m2 m ! mz! '

mlzomz:()

Indeed, replacing the pairs of products as

@), 021, = D2, 4m,
@), 03) 1, = B3) 1, 4m,
(€, @), = )y 1m,
(€3)m, (A2, = (A2 1my
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we obtain the expression

o] myp _mp

3 b +m b my+m
Z Z (al)m] (bl)mz (a2)m] ( Z)ml 2( 3) | zx;xz .

(Cl)ml (dl)m1+m2 (dZ)m1+m2 ml! mZ!

m1=0 m2=0
The fact that 2®(11) is generated by the product of two hypergeometric ,F, functions
with p = g + 1 [13] which converge absolutely in the unit disc, ensures that the 2@51)

function converges in the same region. Similarly, we may apply Appell’s method to 2@%2),
through the product of 5Fy, 4F3 and 3F,. Generalizing this procedure by using the product
ni3Fni2oni2 Fusls - .., 4F3 and 3F, we get the expression for 2@5”) given by (19), which are
Kampé de Fériet functions in n + 1 variables.

3.2. Recurrence relations

Starting from the recurrence relations for the confluent hypergeometric function F, recurrence
relations for the 2@51) function can be easily deduced. For example, consider the contiguous
relation (15.2.20) of [3]

c(l =2) oFi(a,b,c;2) —coFi(a—1,b,¢;2) +(c —b)z 2Fi(a, b, c+1;2) = 0.
Derivating n times with respect to a, we get the following relation:
c(l—2) Gf,”) (a,b,c;z) — ch”) (a—1,b,c;2)+(c — b)zG((l”) (a,b,c+1;z) =0.

The replacement of G by 2@)?1) through equation (20a), provides a recurrence relation

)

between 2®§") functions. In the n = 1 case, for example,

I,1la,a+1,b+1 I,1la—1,a,b+1
(1—2) 2®§1)< la,a ;Z’Z) 3 2®§1)< la a

a+1]|2,c+1 al2,c+1
c—b g (1l 1lla,a+1,b+1
BRI ( a+ll2.ce2 |07 =0 2D

3.3. Special valuesa =0orb =0

It is easy to see, from the series definition (19), that for the special values @ = 0 (and similarly

for b = 0), the 2®(,") function which appears for the nth derivative G (equation (20a))
(n—1) :

reduces to a , 0, function.

Another special case arises when either a or b is a negative integer — p , since the Gaussian
function reduces then to a polynomial of degree p. As a consequence, in the nth derivatives,
one of the n+1 infinite series terminates. An important case corresponds to Jacobi polynomials
[16].

3.4. Series representation in terms of one variable hypergeometric functions

From definition (8) of the 2@%1) function, we provide the following series representations:

oW (41,a2|b1,bz,b3
! cildy, da

. _ > (al)ml (bl)ml (bZ)ml (b3)m1 ﬂ
3 X1, Xz) = Wgo (€D, @D, (@2) mi!

X 3Fy(aa, bo +my, b3+ mys;dy +my, dy + my; x2) (22)

_ i (aZ)mz (bZ)mz (b3)mz mez
(dl)n12 (d2)m2 Wl2!

4F3 (a1, by, by + my, by + m3; ¢y, dy +my, dr + my; x1) .
m2=0
(23)
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Similar representations can be easily written for the more general 2@5") hypergeometric
functions.

4. Application: Pollaczek-like polynomials

The two-body Coulomb problem is of fundamental importance in atomic physics, not only
because it is one of the few problems that can be solved in closed form, but also for its
application to the many-body problems. Very important methods to deal with collisional
reactions use L2 representations of the continuum Coulomb wavefunction. An example of
that is the J-matrix method where a Sturmian representation of the Coulomb function is
used [10]. In this section, we establish the connection between this representation and the
derivatives of the Gaussian function studied in the previous sections.

Consider the two-body Coulomb problem, corresponding to a potential Z/r, a reduced
mass w and an energy E = k%/(2u). In spherical coordinates (r, 6, ¢), the solution reads [17]

V() =R (r)Y"0,9¢),

where R, (r) and Y/" (0, ¢) represent, respectively, the radial and angular parts of the
wavefunction. The angular part is represented by the spherical harmonics Y" (6, ¢) and
depend on the angular quantum numbers / and m. Defining the Sommerfeld parameter
o= %, the radial part is given in terms of the Kummer hypergeometric function

Ry (r) = Nig Qkr) & | Fy (1 + 1 —ia, 21 + 2, —2ikr) (24)
with the normalization constant
2\ Ir+1—i
N.=[= ueﬂaﬂ_ (25)
: k L2l +2)

The L? representation used by the J-matrix method is obtained by projecting the functions
Ry (r) in terms of Laguerre-type Coulomb-Sturmian functions

Grn (r) = ) e MPLI () (26)

which depend on a parameter A that can be either real or complex. In the following expansion
(11, 18],

o0
n!
Rij=Nig Y —————pj' (x. )¢ 27
1k 1k n:OF(n+21+2)pn (x, )y (r) 27

the coefficients p/*!(x, &) can be expressed in terms of Gaussian hypergeometric functions

for any real or complex value of the energy E. In particular, for positive energies E, they read
ey = LA D o G e, —n, 20425 2) (28)
X, Q) = —————¢ —lo, —n, 32),
P45 AT l+2) o 2! z

2 . .
where x = cosf = i;‘;. sz //225 and z = 1 —e™™". As can be seen from this expression, the

energy E appears in the exponential prefactor, and twice in the Gaussian function (through the
argument z and in the first parameter, through o). The charge Z, on the other hand, is only
present in the first parameter of the Gaussian function, through «. The coefficients p,’l“ (x, )
possess very interesting properties from the physical point of view. When using expansion
(27), all physical properties of the Coulomb wavefunction are transferred to p/*! (x, &), since
the functions ¢; , (r) do not depend on either the charge Z or the energy E. For example, in the
complex plane of the energy FE, the position of the bound states and the poles of the scattering

matrix can be related to each coefficient pfl“ (x, ), as illustrated for example in [19]. The

—2i6
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functions p!*! (x, &) are also very interesting from the mathematical point of view. Indeed,
the expansion of p*! (x, &) in powers (i) of the energy yields coefficients which are Pollaczek
polynomials of degree n [18] and (ii) of the charge gives also polynomials, which are different
from those defined by Pollaczek, but may be named Pollaczek-like [11, 12]. Both sets of
polynomials have different generating functions, orthogonal and completeness relations, etc.
A study of all these properties is object of our current investigations.

No analytic expression has been given for any of the mentioned polynomials in terms of
either energy or charge. This is probably due to the presence of these variables also in the
parameters of the Gaussian function. In what follows, we shall give a general and analytic
expression for the coefficients considering the charge as variable. The polynomials in terms
of the energy can be obtained following a similar procedure.

As explained above, the Z dependence in p*!(x, @) appears, through «, only in the first
parameter of the Gaussian function. A power series in o (and consequently in Z) can be
derived through the Taylor series

oo

2Fi(a,—n20+2:2) =)

m=0

(—ia)™ d",F; (a, —n, 2l +2; z)

m! da™

(29)

a=Il+1

where a = [ + 1 — ix. We therefore need expressions for G;"), evaluated at a = [ + 1, which
can be easily obtained form the expressions given in section 2. The first three functions read

G§0)|a=l+l =,F,(+1,—-n,20+2;72), (30a)

M _ (=m), o (LUI+1,1+2,1—n|

Ce’lactn = iy, 2 29 ( 142022043 |'5F) (305)

@ Gy s o (LLI+1L 142,043,220

Gt = 22,7 200 ( 14214332044 [P ORE) (30¢)
and the mth coefficient

m (_n)m m
G; )|a:l+1 = WZ

L1,...,1l+1,1+2,...,l+1+m,m —n
(m) ’ T ’ k] k] ’ ) .
x 20, < [+2, . I+1+mlm+1.20+2+m ZZ) @D

The factor (—n),, appearing in this expression indicates that the series (29) terminates after n
terms. The polynomials p’*! (x, &) given by (28) may thus be written as

n .
141 _(2+2), T (—ia)™ )
Pl ) = = (= Y G (32)
m=0
where the relation el = —— was used. Besides, as discussed in section 3.3, the functions

T Vi=z
2@5'") reduce to polynomials because one of the parameters is a negative integer. The first
three p'*! (x, o) are

pot () =1,

1+1 _ s . Z

P () = @ +2) (1 —2) [1 - — (i) 21+2]
1 @42, 1+
P )= (=) {[1 Z+2(21+3)}

. 1 z (—ia)? 2 >
— (—i@) [mz (1 - §)i| + 21 [(21 .|.2)2Z i“ .
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These simple expressions were derived from the reductions to polynomials of , F; with a
negative integer as parameter, and from the result

LU+1,0+2,—1 z
m (L , ,

. —-1-2=
26, ( 1+22,20+3 ’“) 2

which can be deduced from its definition or with the help of the series (22). Following similar
procedures expression for further p*! (x, &) can be derived.

From the two expansions (27) and (32), the Coulomb wavefunction can be written as the
following double series:

[o.¢] n Zm
Rig=Nik ) D mn (@) b (1) (33)
n=0 m=0 ’
where
()" wo\" i m
Zimn (2) = Fai+2) (E) 1-272G"| .- G4

Except for the normalization factor NV, , in this formulation the dependence on the charge, the
energy and the radial coordinate are fully separated. Using relation (6), we may transform the
sum over m into an infinite sum, to finally get

00 gm o)
R = Nix ZO — [ZO G @) Pnsm <r>} : (35)
where
- (_i)m U m .
mn (2) = 1 - G™ ) 36
8lm.n (2) T 2l+2) («/ﬁ«/l_—z> ( 7) 2 G, |a=l+1 (36)

In this formulation, the sum over m corresponds to the power series expansion of the charge
Z of the Kummer function of equation (24); the result is equivalent to that presented in our
previous paper [9] but expressed here in spherical coordinates. Combining this power series
expansion with that of the normalization constant N,  , the Born series for the radial Coulomb
wavefunction can be easily derived [9]. With the result (35), we are not only giving all orders
of the power series of the Kummer function but also its L? representation in terms of Sturmian
functions.

5. Conclusions

We have studied the derivatives to any order of the Gaussian hypergeometric function
2F) (a, b, c; z) with respect to the parameters a,b and c. We have shown that they can
be expressed in terms of generalizations of multivariable Kampé de Fériet functions, noted
2®(1”), for which several properties were established.

The usefulness of these derivatives has been illustrated through a physical application: the
two-body Coulomb scattering problem. In a L? representation of the Coulomb wavefunction
using Sturmian functions, we have been able to express explicitly the charge dependence
of the corresponding charge polynomials. Besides this application, the mathematical results
presented here might be useful in a wide range of physical and mathematical problems since the
Gaussian function is the one-variable hypergeometric function which appears most frequently.

Acknowledgment

This work has been partially supported by grant PGI 24/F038 of Universidad Nacional del
Sur.



J. Phys. A: Math. Theor. 42 (2009) 395208 L U Ancarani and G Gasaneo

References

(1]

(2]
[3]
(4]
[3]
[6]
[71
(8]

[9]
[10]
(11]
[12]

[13]
[14]

[15]

[16]
(17]

(18]
[19]

10

Erdelyi A, Magnus W, Oberhettinger F and Tricomi F G 1953 Higher Transcendental Functions vols I-1II
(New York: McGraw-Hill)

Fliigge S 1971 Practical Quantum Mechanics I (Berlin: Springer)

Abramowitz M and Stegun I A 1972 Handbook of Mathematical Functions (New York: Dover)

de Alfaro V and Regge T 1965 Potential Scattering (New York: Interscience)

Greene C H, Rau A R P and Fano U 1982 Phys. Rev. A 26 2441

Thylwe K E 1983 J. Phys. A: Math. Gen. 16 1141

Décanini Y and Folacci A 2003 Phys. Rev. D 67 124017

Brychkov Yu A 2008 Handbook of Special Functions: Derivatives, Integrals, Series and Other Formulas
Ist edn (London: Chapman and Hall)

Ancarani L U and Gasaneo G 2008 J. Math. Phys. 49 063508

Foumouo E, Kamta G L, Edah G and Piraux B 2006 Phys. Rev. A 74 063409

Frapiccini A L, Gonzalez V Y, Randazzo J M, Colavecchia F D and Gasaneo G 2007 Int. J. Quantum
Chem. 107 832

Krylovetsky A A, Manakov N L and Marmo S 12001 Zh. Eksp. Teor. Fiz. 119 45

Krylovetsky A A, Manakov N L and Marmo S 12001 Sov. Phys.—JETP 92 37

Srivastava H M and Manocha H L 1978 A Treatise on Generating Functions (Chichester: Ellis Horwood Ltd)

Appell P and Kampé de Fériet J 1926 Fonctions hypergéométriques et Hypersphériques Polynomes d’Hermite
(Paris: Gauthier-Villars)

Babister A W 1967 Transcendental Functions Satisfying Nonhomogeneous Linear Differential Equations
(New York: Macmillan)

Froehlich J 1994 Int Trans. Spec. Funct. 2 253-66

Bransden B H and Joachain C J 2003 Physics of Atoms and Molecules 2nd edn (Englewood Cliffs, NJ:
Prentice-Hall) chapter 13

Yamani H A and Reinhardt W P 1975 Phys. Rev. A 11 1144-56

Broad J T 1985 Phys. Rev. A 31 1494


http://dx.doi.org/10.1103/PhysRevA.26.2441
http://dx.doi.org/10.1088/0305-4470/16/6/009
http://dx.doi.org/10.1103/PhysRevD.67.124017
http://dx.doi.org/10.1063/1.2939395
http://dx.doi.org/10.1103/PhysRevA.74.063409
http://dx.doi.org/10.1002/qua.21220
http://dx.doi.org/10.1134/1.1348460
http://dx.doi.org/10.1080/10652469408819056
http://dx.doi.org/10.1103/PhysRevA.11.1144
http://dx.doi.org/10.1103/PhysRevA.31.1494

	1. Introduction
	2. nth derivatives of the 2F1 hypergeometric functions with respect to the parameters
	3. Properties of the function
	3.1. Connection with multivariable hypergeometric functions
	3.2. Recurrence relations
	3.3. Special values
	3.4. Series representation in terms of one variable hypergeometric functions

	4. Application: Pollaczek-like polynomials
	5. Conclusions
	Acknowledgment
	References

